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Boolean algebra is the
mathematical

foundation of digital
logic design, computer
science, and electronic
circuit optimization.
Among its most
powerful concepts are
the Product of Sums
(POS) forms. Whether
you are a student
learning logic gates, a
designer working on
FPGA programming, or
a professional
optimizing circuit

performance,
mastering the product
of sums boolean
algebra technique is
essential. This article
provides a
comprehensive,
natural exploration of
the topic, walking
through definitions,
derivation methods,
advantages, and
practical applications.

What Is
Product
of Sums
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(POS) in

AND (product) of these
sum terms. POS
expressions are

BOOlea)ﬂticularly useful

Algebra?

In Boolean algebra, any
logical expression can
be represented in one
of two standard forms:
Sum of Products (SOP)
or Product of Sums
(POS). The product of
sums form is a logical
AND of multiple OR
terms. Each OR term is
called a "sum term"
because the OR
operation is analogous
to addition in Boolean
arithmetic. An example
of a POS expression is:

(A+B):-(C+D): (A
+B + C)

Here, each sum term
contains variables or
their complements
combined with the OR
operator, and the
entire expression is the

when implementing
circuits using NOR logic
or when simplifying
expressions for specific
hardware constraints.

The Dual
Relations
hip with
Sum of
Products

To fully appreciate
product of sums
boolean algebra, we
must understand its
dual: the Sum of
Products form. SOP
expressions are ORs of
AND terms (minterms).
POS expressions are
ANDs of OR terms
(maxterms). This
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duality is a
fundamental principle
of Boolean algebra:
every theorem has a
dual obtained by
swapping AND with OR
and 0 with 1. For
example, De Morgan's
laws directly relate the
two forms. Converting
between SOP and POS
is often necessary
when optimizing a
circuit for speed,
power, or component
availability.

Why Use
Product
of Sums?

Engineers and
designers choose the
POS form for several
reasons:

e Implementatio
n with NOR
gates: NOR
gates are

universal and
often simpler to
realize in certain
logic families. A
POS expression
directly maps to
a two-level NOR-
NOR logic
network.

Fewer logic
levels: In some
cases, the POS
form results in
fewer gate
delays compared
to the SOP
equivalent.
Reduced fan-
in: Depending on
the expression,
sum terms may
have fewer
variables,
reducing gate
input
requirements.
Easier handling
of don't-care
conditions:
When simplifying
expressions with
don't-care states,



POS can
sometimes
produce a more
compact
representation.

Understanding these
practical benefits helps
you decide when to
apply product of sums
boolean algebra in
real-world scenarios.

DERIVING THE
PRODUCT OF SUMS
FORM

There are several
methods to obtain a
POS expression from a
given Boolean function.
We will explore the
three most common
techniques: from the
truth table using
maxterms, algebraic
manipulation, and
using Karnaugh maps.

From

Truth
‘able:
The
Maxterm
Approach

The most systematic
way to derive a POS
expression is to list the
rows of the truth table
where the output is 0.
For each such row, we
write a sum term
(maxterm) that is false
for that combination.
Then we AND all these
maxterms together. A
maxterm is the OR of
all variables, with each
variable complemented
if itis 1 in the row, and
uncomplemented if it is
0. This ensures the
sum term equals 0 only
for that specific input
combination. By
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ANDing all maxterms,
the entire expression is
0 exactly when any
one of those conditions
holds, which
corresponds to the
desired output.

For example, consider
a function F that is 0
for the rows (0,0),
(1,0), and (1,1) of two
variables A and B. The
maxterms for these
rows are:

e Row (0,0):A+ B
e Row (1,0): A+ B
e Row (1,1):A+B

The POS expression
becomes (A + B) - (A

+ B) - (A + B). This
expression implements
the function F which is
1 only when (A=0,
B=1).

Using

Karnaugh
Maps for
POS
Simplifica
tion

A Karnaugh map (K-
map) is a visual tool to
simplify Boolean
expressions. While
most people use K-
maps to find minimal
SOP forms, they are
equally powerful for
product of sums
boolean algebra.
Instead of grouping the
1s, we group the Os
(complement of the
function). Each group
of Os corresponds to a
sum term. The
procedure:

1. Draw the K-map
for the function



and mark cells
with 0 and 1.

. Identify adjacent
cells containing
0s and form the
largest possible
rectangular
groups (powers
of two, wrapping
edges).

. For each group
(which
represents a
prime implicate),
write the sum
term that is O for
all cells in the
group. This is
done by taking
the variables
that remain
constant within
the group: if a
variable is 0 in all
cells of the
group, it appears
uncomplemented
in the sum term;
ifitis 1, it
appears
complemented; if
it varies, it is

omitted.

4. AND all the sum
terms together
to obtain the
minimal POS
expression.

For example, a K-map
with three variables
where 0s occupy cells
(0,0,0), (0,0,1), and
(1,1,0) might simplify
to(A+B)-(A+B+
C).

Algebraic
Manipulat
jon and
De
Morgan'’s
Law

If you already have an
SOP expression, you
can algebraically
transform it into POS
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by applying De
Morgan’s theorem and
duality. The steps:

1. Compute the
complement
(NOT) of the
original function.

2. Simplify the
complement
using SOP
methods.

3. Take the
complement
again using De
Morgan’s law,
which converts
the SOP into a
POS form. This
directly yields
the product of
sums
representation.

For instance, consider
F=AB+ AC. Its
complement is F = (A
+ B) - (A + C) after
applying De Morgan
and distribution. Then
F=(F)=(A+B) (A+
C) — a POS expression.
This method is useful

when you already have

an algebraic
expression but need a
POS form for

implementation.

COMPARING POS
AND SOP IN
CIRCUIT DESIGN

When designing digital

circuits, you must
choose between
product of sums

boolean algebra and
sum of products. Both
yield two-level logic
implementations, but
the gate types differ.
SOP uses AND-OR logic
(NAND-NAND if using
universal gates), while
POS uses OR-AND logic
(NOR-NOR).

Area and
Speed



Considera
tions

The minimal SOP and
minimal POS forms are
usually different, and
which one is smaller
depends on the
function. Functions
with many 1s tend to
have simpler SOP,
while functions with
many 0s often yield
simpler POS. However,
the true minimal
expression may be a
mixture of both (multi-
level logic). For
programmable logic
devices like PLAs and
FPGAs, the choice can
affect resource usage.
Many synthesis tools
automatically choose
the best form, but

Don't-
Care
Condition
S

Don't-care conditions
(inputs that never
occur or whose output
we don't care about)
can be exploited to
simplify POS
expressions. When
grouping 0s in a K-
map, you can treat
don't-care cells as
either 0 or 1 to form
larger groups, reducing
the number of literals
and gates. This
flexibility often leads to
more efficient circuits.

EXAMPLES AND

understanding the STEP-BY-STEP
unde.rlylng math helps WALKTHROUGHS
you interpret results

and resolve timing

issues.
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Example

1: Three-
Variable

Function

Let F(A, B, C) = 2m(0,
2, 4, 6) (output 1 for
minterms 0, 2, 4, 6).
The truth table shows
the function is 0 for
rows 1,3,5,7. We write
maxterms:

e Row 1(001): A+
B+C

e Row 3 (011): A +
B+C

e Row 5 (101): A +
B+C

e Row 7 (111): A +
B+C

POS:(A+B+C)- (A

+B+C)-(A+B+

¢)-(A+B + ¢C).

Notice that C appears

in all sum terms, so we

can factor: (C) * (A +

B)-(A+B):-(A+B)
- (A + B). The last four
terms simplify to (A +
B)- (A+B)=A, and (A

+B):-(A+B)=A so
the entire POS reduces
to €. The function is
simply NOT C. This
demonstrates how POS
simplification can
reveal a trivial solution.

Example
2: A

Practical
Decoder

Consider a 2-to-4
decoder with enable.
The output YO =
enable - A - B. A typical
POS implementation
for one output might
be derived from its 0s.
The product of sums
boolean algebra helps
when outputs are
active-low. For



example, an active-low
output can be directly
implemented using
NOR gates from the
POS form.

COMMON PITFALLS
AND
MISCONCEPTIONS

¢ Confusing sum
and product:
Remember that
"sum" means OR,
"product" means
AND. In POS, you
are multiplying
sum terms.
Ignoring the
complement in
maxterms: A
maxterm is the
complement of a
minterm. When
writing a
maxterm for a
row where the
output is 0,
complement the
variable ifitis 1,
and leave it
uncomplemented
if itis 0.
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e Assuming POS
is always
simpler:
Simplicity
depends on the
function. Always
try both forms
when optimizing.
Forgetting
don't-cares:
Don't-care
conditions can
significantly
reduce the POS
expression if
used correctly.

ADVANCED
TOPICS: MULTI-
LEVEL LOGIC AND
POS

While POS is commonly
taught as a two-level
form (OR-AND), real
circuits often use multi-
level logic to reduce
gate count or improve
signal integrity.
Decomposing a POS
expression into smaller
sub-expressions can
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lead to tree structures.
For instance, a three-
level NOR-NOR-NOR
circuit might
implement a large POS
expression more
efficiently. Additionally,
the concept of prime
implicates in POS is
analogous to prime
implicants in SOP.
Algorithms like Quine-
McCluskey can be
adapted to find
minimal POS by
working on the zeros of
the function.

PRACTICAL
APPLICATIONS IN
MODERN
ELECTRONICS

Product of sums
boolean algebra is not
just theoretical; it
appears in:

e Arithmetic
logic units
(ALUs): Many
ALU control
signals are
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implemented
using POS due to
regularity.
Memory
address
decoders: NOR-
based decoders
are common in
flash memories,
leveraging POS
forms.
Programmable
logic arrays
(PLAs): PLAs can
be programmed
for either SOP or
POS by
appropriately
configuring the
AND and OR
planes.

Circuit
minimization
algorithms:
Logic synthesis
tools, such as
Espresso, can
output both SOP
and POS
minimized forms,
and
understanding



them allows
engineers to
manually tweak
results.

CONCLUSION

Product of sums
boolean algebra is a
fundamental technique
for representing and
simplifying logic
expressions. By
understanding how to
derive POS from truth

12

tables, K-maps, and
algebraic manipulation,
you gain the flexibility
to choose the best
representation for your
design goals. Whether
you need a compact
NOR-only circuit or a
low-latency decoder,
the POS form offers a
powerful alternative to
the more common sum
of products. As you
continue working
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