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UNDERSTANDING THE BASICS OF
DIFFERENTIAL EQUATIONS

Mathematics  often  serves  as  the
language  through  which  we  describe
change. From the motion of planets to
the  growth  of  populations,  change  is
governed  by  rates.  An  ordinary
differential  equation  (ODE)  is  a
mathematical  equation  that  relates  a
function of one independent variable to
its  derivatives.  In  simple  terms,  it
expresses how a quantity changes over
time or space. For students stepping into
the  world  of  calculus-based  modeling,
understanding what an ODE is and how
to work with it forms a critical foundation
for physics, engineering, economics, and
biology.
The phrase An Introduction To Ordinary
Differential  Equations  might  sound
intimidating, but at its core, the subject
is about predicting the future behavior of
dynamic systems. By learning to set up
and solve ODEs, you gain the ability to
translate  real-world  phenomena  into
precise  mathematical  statements.  This
article  wil l  walk  you  through  the
essential  concepts,  classifications,
solution  methods,  and  practical
significance  of  ODEs  —  all  in  a  clear,
step-by-step  manner.

WHAT IS AN ORDINARY

DIFFERENTIAL EQUATION?

An  ordinary  differential  equation  is  an
equation  that  contains  one  or  more
derivatives of an unknown function y(x)
with  respect  to  a  single  independent
var iab le  x .  The  term  ordinary
d i s t i ngu i shes  i t  f r om  part ia l
differential  equations,  which  involve
derivatives  with  respect  to  multiple
variables.
For example, consider the equation:
dy/dx = 3x²
Here, y is the dependent variable, x is
the independent variable,  and dy/dx  is
the  first  derivative.  Solving  this  ODE
means  finding  a  function  y(x)  that
satisfies  the  relationship.  In  this  case,
integrating both sides gives y(x) = x³ +
C, where C is an arbitrary constant.
O D E s  c a n  a l s o  i n v o l v e  h i g h e r
derivatives, such as second derivatives
(d²y/dx²) or even higher orders. The goal
is always to determine the function that
fits  the  equation  given  certain  initial  or
boundary  conditions.

Key Components
of an ODE

Independent variable: Usually
denoted by x or t (time).
Dependent variable: Typically y
or u, representing the quantity of
interest.

https://everybodystreet.com/


2

2 An Introduction To Ordinary Differential Equations 2025-03-24

Derivatives: Indicate how quickly
the dependent variable changes
with respect to the independent
variable.
Order: The highest derivative
present in the equation.
Linear vs. Nonlinear: A
classification based on whether
the dependent variable and its
derivatives appear linearly.

ORDER AND DEGREE: THE FIRST
CLASSIFICATIONS

The  order  of  an  ordinary  differential
equation  is  the  order  of  the  highest
derivative.  For  instance,  d²y/dx²  +  5
dy/dx + 6y = 0 is a second-order ODE.
The degree is the power of the highest
derivative term after  the equation has
been cleared of  radicals  and fractions.
Most introductory courses focus on first-
order  and  second-order  ODEs  because
they  cover  a  vast  range  of  practical
problems.

First-Order ODEs
A general first-order ODE can be written
as dy/dx = f(x, y). Examples include:

Separable equations: dy/dx =
g(x)h(y)
Linear equations: dy/dx + P(x)y
= Q(x)
Exact equations: M(x,y)dx +
N(x,y)dy = 0

Each type has its own standard solution
technique, which we will explore below.

WHY ARE ORDINARY
DIFFERENTIAL EQUATIONS
IMPORTANT?

ODEs appear everywhere in science and
engineering. They model:

Population growth: dP/dt = rP
(exponential growth)
Radioactive decay: dN/dt = -λN
Newton’s law of cooling: dT/dt
= -k(T - T_env)
RC circuits: dq/dt + (1/RC) q =
V/R
Mechanical oscillations: m
d²x/dt² + c dx/dt + kx = F(t)

Mastering the basics of ODEs empowers
you  to  analyze  how  systems  evolve,
predict future states, and design control
systems. In other words, an introduction
to  ordinary  differential  equations  is  a
gateway  to  applied  mathematics.

SOLVING FIRST-ORDER
ORDINARY DIFFERENTIAL
EQUATIONS

Solution  methods  for  first-order  ODEs
are  often  the  first  major  topic  in  any
introductory  course.  The  choice  of
method  depends  on  the  form  of  the
equation.

1. Separable
Equations
An ODE is separable if it can be written
in  the  form  dy/dx  =  g(x)h(y) .  The
technique is to separate variables:

Rewrite as dy / h(y) = g(x) dx.1.
Integrate both sides.2.
Solve for y if possible.3.

Example: Solve dy/dx = 2xy.
Separate: dy/y = 2x dx. Integrate: ln|y|
= x² + C. Hence, y = Ce^(x²).
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2. Linear First-
Order ODEs
A linear first-order ODE has the standard
form dy/dx + P(x)y = Q(x). The solution
uses  an  integrating  factor  μ(x)  =
e^(∫P(x)dx). Multiply both sides by μ(x),
then  the  left  side  becomes  d/dx(μ  y).
Integrate to find y.
Example: Solve dy/dx - (2/x) y = x² for
x>0.
Here P(x) = -2/x, so μ(x) = e^(∫ -2/x dx)
= e^(-2 ln x) = x^{-2}. Multiply: x^{-2}
dy/dx - 2x^{-3} y = 1. Left side is d/dx
(x^{-2} y) = 1. Integrate: x^{-2} y = x
+ C, so y = x³ + C x².

3. Exact
Equations
An equation M(x,y)dx + N(x,y)dy = 0 is
exact if ∂M/∂y = ∂N/∂x. The solution is a
function F(x,y) = C such that dF = M dx
+ N dy. Finding F involves integrating M
with respect  to  x  and then comparing
with N.
These  three  methods  cover  the  most
common first-order ODEs encountered in
applications. More advanced techniques,
such  as  substitution  (e.g.,  Bernoulli
equations) or numerical methods, build
on these fundamentals.

SECOND-ORDER LINEAR
ORDINARY DIFFERENTIAL
EQUATIONS

Second-order  ODEs  are  crucial  for
modeling oscillations, wave propagation,
and electrical circuits. A general second-
order linear ODE is written as:
a(x) d²y/dx² + b(x) dy/dx + c(x) y = f(x)

I f  f ( x )  =  0 ,  t h e  e q u a t i o n  i s
homogeneous ;  otherwise,  i t  is
nonhomogeneous.  For  constant-
coefficient  equations  (a,  b,  c  are
constants),  we  can  find  solutions  using
characteristic  equations.

Homogeneous
Case: ay'' + by'
+ cy = 0
Assume  a  solution  of  the  form  y  =
e^(rx) .  Substituting  leads  to  the
characteristic equation ar² + br + c = 0.
Depending on the discriminant, we get:

Two distinct real roots: y = C1
e^(r1 x) + C2 e^(r2 x)
Repeated real root: y = (C1 +
C2 x) e^(r x)
Complex conjugate roots: y =
e^(αx)(C1 cos βx + C2 sin βx)

Nonhomogeneou
s Case
To  solve  ay''  +  by'  +  cy  = f(x),  we  first
find  the  complementary  solution  (from
the homogeneous equation) and then a
particular  solution.  Methods  include
undetermined coefficients (for certain
s i m p l e  f ( x )  l i k e  p o l y n o m i a l s ,
exponentials,  sines/cosines)  and
variation  of  parameters  (more
general).
Example:  Solve  y' '  -  3y '  +  2y  =
2e^(3x) .
Homogeneous solution: characteristic r² -
3r + 2 = 0 gives r=1,2, so y_h = C1 e^x
+ C2 e^(2x). For particular solution, try
y_p = A e^(3x). Substituting gives 9A -
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9A + 2A = 2 => 2A = 2 => A=1. So y_p
= e^(3x). General solution: y = C1 e^x
+ C2 e^(2x) + e^(3x).

INITIAL VALUE PROBLEMS AND
BOUNDARY VALUE PROBLEMS

An  ODE  a lone  y ie lds  a  fami ly  of
solutions.  To  pin  down  a  specific
solution,  we  need  additional  conditions:

Initial value problem (IVP):
Conditions are specified at a single
point, typically the starting time.
For example, y(0) = 1 and y'(0) =
0.
Boundary value problem
(BVP): Conditions are given at two
different points, often the
endpoints of a spatial interval. For
example, y(0) = 0 and y(L) = 0.

Most introductory courses focus on IVPs
because they align with time evolution
problems.

PRACTICAL APPLICATIONS OF
ODES

The  true  power  of  an  introduction  to
ordinary  differential  equations  lies  in  its
applicability. Let's look at a few classic
models:

Population
Dynamics
The logistic equation dP/dt = rP(1 - P/K)
models  population  growth  with  limited
resources.  It  is  a  first-order  nonlinear
ODE, solvable by separation of variables.
The  solution  yields  an  S-shaped curve
that levels off at the carrying capacity K.

Spring-Mass
Systems
Consider a mass attached to a spring. By
Newton's second law, the displacement
x(t)  satisfies m d²x/dt² + c dx/dt + kx =
F(t).  This  second-order  linear  ODE
explains  harmonic  motion,  damping


