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INTRODUCTION: WHY
DISTRIBUTION THEORY MATTERS

For many students and practitioners of
mathematics, physics, and engineering,
the  first  encounter  with  the  Dirac  delta
function is both thrilling and perplexing.
H o w  c a n  a  " f u n c t i o n "  b e  z e r o
everywhere  except  at  one  point,  yet
have  an  integral  equal  to  one?  This

contrad ict ion  s ignals  a  deeper
mathematical  structure  at  work.  That
structure  is  distribution  theory,  a
framework  that  extends  the  classical
notion  of  functions  and  provides  a
rigorous foundation for  operations that
would otherwise be ill-defined.
When  we  combine  distribution  theory
with the Fourier transform, we unlock a
powerful  toolkit  for  solving  differential
equations,  analyzing  signals,  and
understanding quantum mechanics. This
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a r t i c l e  s e r v e s  a s  A  Gu ide  To
Distribution  Theory  And  Fourier
Transforms,  walking  you  through  the
core ideas, key definitions, and practical
applications  without  assuming  prior
expertise  beyond  basic  calculus  and
linear  algebra.

WHAT ARE DISTRIBUTIONS?
BEYOND ORDINARY FUNCTIONS

A  d is t r ibut ion,  a lso  known  as  a
generalized  function,  is  an  object  that
assigns a number to each smooth test
function  in  a  well-defined  way.  Rather
than  mapping  points  to  values  like  a
traditional function, a distribution maps
functions  to  numbers.  This  shift  in
perspect ive  a l lows  us  to  t reat
discontinuous,  singular,  or  highly
oscil latory  objects  as  legitimate

mathematical  entities.

Test Functions
and the Idea of
Integration
Against a Kernel
The  foundation  of  distribution  theory
r e s t s  o n  a  s p a c e  o f  t e s t
functions—typically  infinitely
differentiable  functions  with  compact
support (i.e., they are zero outside some
bounded  region).  The  most  common
choice  is  Cc

∞(ℝ),  the  space  of  smooth
functions  with  compact  support.  A
distribution is  then a continuous linear
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functional on this space.
Intuitively, you can think of a distribution
as  something  that  can  be  integrated
against a test function. For an ordinary
locally  integrable  function  f,  we  can
define a distribution Tf by
Tf(φ) = ∫f(x) φ(x) dx.
This representation shows that ordinary
functions are a subset of  distributions.
The  crucial  gain  is  that  distributions
allow us to differentiate objects that are
not  differentiable  in  the  classical  sense,
including  step  functions  and the  Dirac
delta.

The Dirac Delta

as a Distribution
The Dirac  delta  δ  is  the most  famous
distribution. It is defined by its action on
a test function φ:
δ(φ) = φ(0).
Th i s  s imp le  ru l e—eva lua te  a t
zero—captures  the  intuitive  idea  of  a
unit  impulse.  Many operations become
natural in this framework. For example,
the derivative of the delta distribution δ′
is defined by
δ′(φ) = −φ′(0),
which follows from integration by parts if
we pretend δ is a function. Distribution
theory makes this manipulation rigorous.
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KEY OPERATIONS ON
DISTRIBUTIONS

Once we accept  distributions  as  linear
functionals, we can extend many familiar
operations to them. The guiding principle
is  consistency:  when  the  operation  is
applied  to  an  ordinary  function,  the
result  should  agree  with  the  classical
operation.

Differentiation of
Distributions
Distributional  differentiation  is
defined  by  shifting  the  derivative  onto
the test function. For a distribution T, its
derivative T′ satisfies
T′(φ) = −T(φ′).

This  formula,  justified  by  integration  by
parts for ordinary functions, allows us to
differentiate  any  distribution,  yielding
another distribution.  As a result,  every
distribution  is  infinitely  differentiable  in
this sense. This is a dramatic departure
from  classical  analysis,  where  many
functions  have  limited  differentiability.
For example, the Heaviside step function
H(x), which is 0 for x < 0 and 1 for x > 0,
has the Dirac delta as its distributional
derivative:
H′ = δ.
This  relationship  is  fundamental  in
solving  differential  equations  with
discontinuities.
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Multiplication by
Smooth

Functions
A distribution T can be multiplied by a
smooth  function  ψ  to  produce  a  new
distribution ψT defined by
(ψT)(φ) = T(ψ φ).
Because  ψ  φ  is  again  a  test  function
when ψ is smooth, this operation is well-
defined.  This  property  is  essential  when
working with linear differential operators
with smooth coefficients.

Convolution of
Distributions
Convolution combines two distributions
to  produce  a  third,  generalizing  the
familiar  convolution  of  functions.  For
suitable  distributions,  convolution  is
commutat ive,  associat ive,  and
distributes over addition. The Dirac delta
acts as the identity element:
δ ∗ T = T.
Convolution  is  particularly  useful  in
signal processing and the study of linear
time-invariant systems.

TEMPERED DISTRIBUTIONS AND
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THE SCHWARTZ SPACE

To  extend  the  Fourier  transform  to
distributions, we need a slightly smaller
s p a c e  o f  t e s t  f u n c t i o n s  a n d  a
correspondingly  larger  space  of
distributions. This leads to the Schwartz
space  S(ℝ),  consisting  of  smooth
functions  that,  together  with  all  their
derivatives, decay faster than any power
of |x| as |x| → ∞.
The continuous linear functionals on S(ℝ)
are  called  tempered  distributions.
They  include  all  distributions  with
compact  support,  all  polynomially
growing functions, and many others. The
importance of tempered distributions lies
in  their  compatibility  with  the  Fourier
transform:  the  Fourier  transform  of  a
tempered  distribution  is  another

tempered  distribution.

Why Tempered
Distributions?
The  classical  Fourier  transform  of  an
ordinary function f is defined by
ℱ[f](ξ) = ∫f(x) e−2πi x ξ dx.
For this integral to converge, f must be
integrable. Many useful functions, such
as constants, polynomials, and periodic
functions, are not integrable over ℝ. By
working with tempered distributions, we
can  define  Fourier  transforms  for  these
objects  in  a  consistent  way.

THE FOURIER TRANSFORM OF A
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DISTRIBUTION

For a tempered distribution T, its Fourier
transform ℱ[T] is defined by
ℱ[T](φ) = T(ℱ[φ]) for all φ in S(ℝ).
In  words,  we  apply  the  or ig ina l
distribution to the Fourier transform of
the  test  function.  This  definition  is
consistent  with  the  classical  Fourier
transform  because  of  the  identity
∫ℱ[f](ξ) φ(ξ) dξ = ∫f(x) ℱ[φ](x) dx,
which holds for ordinary functions f and
test  functions  φ.  The  definition  extends
the Fourier transform to a much broader
class  of  objects  while  preserving  its
essential properties.

Key Properties
The  Fourier  transform  of  a  tempered
distribution shares many properties with
the classical Fourier transform:

Linearity: ℱ[αT + βS] = α ℱ[T] +
β ℱ[S]
Differentiation: ℱ[T′] = 2πi ξ
ℱ[T]
Multiplication by x: ℱ[x T] =
(1/(2πi)) ℱ[T]′
Convolution: ℱ[T ∗ S] = ℱ[T]
ℱ[S]

These  properties  make  the  Fourier
transform  an  indispensable  tool  for
solving  ordinary  and  partial  differential
equations, as it converts derivatives into
algebraic operations.
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Fourier
Transform of the
Dirac Delta
One of the most important examples is
the Fourier transform of the Dirac delta.
Using the definition, we find
ℱ[δ](ξ) = 1,
meaning  the  del ta  d is t r ibut ion
transforms to the constant function 1. By
the  inversion  theorem,  the  constant
function  1  transforms  back  to  δ.  This
duality explains why the delta function
appears  naturally  in  the  analysis  of
signals and systems: it represents a pure
impulse  in  time,  which  has  a  flat

frequency  spectrum.

Fourier
Transform of the
Heaviside
Function
The Heaviside step function H is locally
integrable but not integrable over ℝ. Its
Fourier  transform  as  a  tempered
distribution  is
ℱ[H](ξ) = (1/(2πi ξ)) + (1/2) δ(ξ),
where the first term is understood in the
principal  value  sense.  This  formula  is
essential in the study of causal systems
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and the Hilbert transform.

APPLICATIONS IN SCIENCE AND
ENGINEERING

The  combination  of  distribution  theory
and Fourier transforms is not merely an
abstract  exercise.  It  has  profound
practical  consequences  across  many
fields.

Solving
Differential
Equations
Consider the differential equation
u″ − u = f,

w h e r e  f  i s  a  g i v e n  f u n c t i o n  o r
distribution. Taking the Fourier transform
of both sides converts the equation into
an algebraic equation:
(−4π²ξ² − 1) ℱ[u](ξ) = ℱ[f](ξ).
Solving for ℱ[u] and applying the inverse
Fourier  transform  yields  the  solution.
This  method  works  even  when  f  is  a
distribution,  such  as  a  point  source
represented  by  a  delta  function.  The
resulting  solution  is  a  fundamental
solution or Green's function, which can
then be convolved with any forcing term
to generate solutions for arbitrary inputs.

Signal Processing
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and Sampling
In  signal  processing,  the  sampling
theorem  (often  attributed  to  Nyquist
and  Shannon)  relies  on  distribution
theory.  The  ideal  sampl ing  of  a
continuous signal f(t) at equally spaced
points can be modeled as multiplication
by a Dirac comb:
fs(t) = f(t) · Σ δ(t − nT).
The  Fourier  transform  of  the  sampled
signal  is  a  periodic  replication  of  the
original  spectrum.  Understanding  this
relationship  requires  the  Fourier
transform of  the Dirac comb,  which is
another  Dirac  comb  in  the  frequency
domain. This insight is the mathematical
backbone of digital signal processing.

Quantum
Mechanics
In quantum mechanics, the position and
momentum  representations  of  a  state
are related by the Fourier transform. The
Dirac delta appears as the eigenfunction
of  the  pos i t ion  operator  in  the
continuous spectrum. The commutation
relation  [x,  p]  =  iℏ  can  be  derived
r igorous ly  us ing  d istr ibut ional
derivatives. Without distribution theory,
these foundational aspects of quantum
theory  would  lack  mathematical
precision.
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Partial
Differential

Equations
For partial differential equations such as
the heat equation, wave equation, and
Laplace's equation, the Fourier transform
reduces the problem to


