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From the music we
hear to the wireless
signals that connect
our devices, the world
is built upon complex
waves and oscillations.
Understanding the
hidden structure within
these signals is one of
the greatest
achievements of
mathematical physics.
At the heart of this
understanding lie two
powerful tools: the
Fourier Series and
the Fourier
Transform. Whether
you are an engineer, a

physicist, or simply a
curious learner,
grasping these
concepts unlocks the
ability to break down
almost any signal into
its fundamental
building blocks. This
article provides a
comprehensive,
reader-friendly journey
into the Fourier Series
and Fourier Transform,
exploring their
definitions, their deep
connections, and the
real-world applications
that make them
indispensable in
modern science and
technology.

The core idea is
deceptively simple yet
profoundly elegant.


https://everybodystreet.com/

Any periodic waveform,
no matter how
complex, can be
represented as a sum
of simple sine and
cosine waves of
different  frequencies
and amplitudes. This is
the essence of the
Fourier Series. But
what about signals that
are not periodic, like a
single pulse or a
random noise? For
those, we need the
Fourier Transform,
which generalizes the
concept to non-periodic
functions, mapping a
time-domain signal into
the frequency domain.
Together, they form
the backbone of
spectral analysis,
enabling us to see the
“fingerprint" of any
signal in terms of the
frequencies it contains.

UNDERSTANDING
THE FOURIER

SERIES

What Is a
Fourier
Series?

A Fourier Series is a
way to represent a
periodic function as an
infinite sum of sine and
cosine functions.
Specifically, if a
function f(t) has a
period T, it can be
written as:

\[ f(t) = a 0 +
\sum_{n=1}"{\infty}
\left][ a_n
\cos\left(\frac{2\pi n
t}{TH\right) + b _n
\sin\left(\frac{2\pi n
t}{THright) \right] \]

Here, \(a_0\) is the
average value (DC
component), while
\(a_n\) and \(b_n\) are
the Fourier coefficients
that determine the
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amplitude of each
harmonic. The
fundamental frequency
is \(\frac{1}{T}\), and
the higher terms are

integer multiples
(harmonics) of this
frequency. The
coefficients are
computed using

integrals that exploit
the orthogonality of
sine and cosine
functions over one
period.

The discovery of this
series is credited to
Joseph Fourier in the
early 19th century
while he was studying
heat transfer. He
postulated that any
continuous periodic
function could be
expressed in this way
— a revolutionary idea
that initially faced
skepticism but later
proved correct for a
wide class of functions.
Today, the Fourier
Series is a cornerstone

of signal processing,
acoustics, and
electrical engineering.

Computin
g the
Fourier
Coefficien
ts

To find the coefficients
\(a_n\) and \(b_n\), we
use the following
formulas:

e Average (DC)
term:\(a 0 =
\frac{1}{T}

\int_ {0}~{T} f(t)
\, dt'\)

e Cosine
coefficients: \(
an=
\frac{2}{T}
\int_{0}~{T} f(t)
\cos\left(\frac{2\
pi n t}{T}Hright)



dt\) for\(n\ge 1
\)

e Sine
coefficients: \(
bn=
\frac{2}{T}
\int_{0}~{T} f(t)
\sin\left(\frac{2\p
i nt}{T}\right)
dt\) for\(n\ge 1l
\)

These integrals capture
how much of each sine
or cosine wave is
present in the original
signal. For example, a
pure sine wave of
frequency 100 Hz will
have only one non-zero
coefficient (the sine
term at n = 1). A
square wave, on the
other hand, will have a
series of odd
harmonics whose
amplitudes decrease
as 1/n. This series
representation

converges to the
original function at
points of continuity,
and at discontinuities it

converges to the
average of the left and
right limits (the Gibbs
phenomenon).

Complex
Exponenti
al Form

Often, it is more
convenient to express
the Fourier Series in
terms of complex
exponentials using
Euler's formula: \(
e~ {i\theta} =
\cos\theta + i\sin\theta
\). This yields a
compact form:

\[ f(t) = \sum_{n=-
\infty} ~{\infty} c¢_n
e™{i \frac{2\pi n
tH{T}} \l

Here, the complex
coefficients \(c_n\) are
given by \( ¢ n =
\frac{1}{T}

\int_ {0}~{T} f(t) e~ {-i
\frac{2\pi n t}{T}} dt
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\). The magnitude
\(Jc_n|\) represents the
amplitude of the
frequency component
at \( n/T\) Hz, while the
phase angle gives the
phase shift. This
complex form naturally
leads to the Fourier
Transform.

FROM FOURIER
SERIES TO THE
FOURIER
TRANSFORM

Extendin
g to Non-
Periodic
Signals

The Fourier Series is
limited to periodic
functions. But what if
we want to analyze a
single pulse, a
transient event, or a
signal that never

repeats? The key
insight is to consider a
non-periodic function
as a periodic function
with an infinitely long
period. As the period
\(T \to \infty\), the
discrete frequency
components
(harmonics) become
infinitely close
together, merging into
a continuous spectrum.
The sum over integers
turns into an integral
over all frequencies.
This is the Fourier
Transform.

Thus, the Fourier
Transform is the
natural extension of
the Fourier Series to
non-periodic signals. It
takes a function \(f(t)\)
in the time domain and
produces a continuous
function \(F(\omega)\)
in the frequency

domain (where
\(\omega\) is angular
frequency, often

denoted by \(2\pi f\)).



The
Fourier
Transfor
m
Equation

The forward Fourier
Transform is defined
as:

\[ F(\omega) = \int_{-
\infty} ~ {\infty} f(t)
e~ {-\omega t} \, dt\]

The inverse Fourier
Transform recovers the
original time-domain
function:

\[ f(t) = \frac{1}{2\pi}
\int_{-\infty} ~{\infty}
F(\omega) e” {i\omega
t} \, dlomega\]

These two equations
form a transform pair.
The function
\(F(\omega)\) is often
called the spectrum of

\(f(t)\). It tells us how
much of each
frequency is present,
but now frequencies
are continuous rather
than discrete. For
example, a pure sine
wave of infinite
duration still has a
discrete frequency, but
a finite-duration pulse
will have a continuous
spread of frequencies
— the shorter the
pulse, the wider the
spectrum.

Key
Propertie
s of the
Fourier
Transfor
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The Fourier Transform
possesses several
elegant properties that
make it extremely
useful in analysis and
engineering:

 Linearity: The
transform of a
sum of functions
is the sum of
their transforms.

e Time Shifting:
A shift in time
corresponds to a
phase shift in
frequency: \( f(t -
t 0)
\leftrightarrow
e”™{-i\omega
t 0} F(\omega)
\).

* Frequency
Shifting
(Modulation):
Multiplying by a
complex
exponential
shifts the
spectrum: \(

e”~{i\omega 0t}
f(t)
\leftrightarrow
F(\omega -
\omega 0)\).
Scaling:
Compressing
time expands the
frequency
spectrum and
vice versa: \(
f(at)
\leftrightarrow
\frac{1}{|a|}
F(\omega/a) \).
Convolution:
The transform of
a convolution of
two functions is
the product of
their transforms:
\( (f*g)(t)
\leftrightarrow
F(\omega)
G(\omega) \).
This property is
fundamental for
filtering and
system analysis.
Parseval's
Theorem: The
energy of the



signal is
preserved in
both domains: \(
\int [f(t)]~2 dt =
\frac{1}{2\pi}
\int
|[F(\omega)|~2
d\omega \).

THE RELATIONSHIP
BETWEEN FOURIER
SERIES AND
FOURIER
TRANSFORM

Although they are
often presented
separately, the Fourier
Series and Fourier
Transform are deeply
interconnected. The
Fourier Transform can
be viewed as the
generalized form, while
the Fourier Series is a
special case for
periodic functions. If
we take a periodic
function and apply the
Fourier Transform, we
get a "line spectrum"
— a series of Dirac

delta functions at the
harmonic frequencies,
with  magnitudes
proportional to the
Fourier Series
coefficients.
Conversely, the Fourier
Series coefficients can
be derived from the
Fourier Transform of
one period of the
function.

Mathematically, a
periodic function can
be represented as the
convolution of a single
period with an infinite
train of Dirac deltas
(the comb function).
The Fourier Transform
of that convolution
yields the product of
the transform of one
period and a sampling
function — which
results in the discrete

Fourier Series
coefficients. This
elegant relationship

highlights how the two
tools are two sides of
the same coin.
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Understanding this
connection is crucial
when moving from
theoretical concepts to
practical

implementations, such
as the Fast Fourier

Transform (FFT)
algorithm, which
efficiently ~ computes
the Discrete Fourier
Transform (DFT) —
itself a sampled
version of the
continuous Fourier
Transform, closely

related to the Fourier
Series for discrete-time
signals.

APPLICATIONS IN
SCIENCE AND
ENGINEERING

Signal
Processin

g and
Communi
cations

The most widespread
application of the
Fourier Series and
Fourier Transform is in
signal processing.
Every audio file, image,
or wireless
transmission relies on
analyzing and
manipulating signals in
the frequency domain.
For instance, MP3
compression works by
transforming audio into
frequency components
and then discarding
less audible ones — a
direct application of
the Fourier Transform.
In telecommunications,
orthogonal frequency-
division multiplexing
(OFDM) wuses the
Fourier Transform to
modulate data onto



multiple carrier
frequencies, enabling
high-speed data

transmission (used in
Wi-Fi and 4G/5G).

Image
Processin
g and
Computer
Vision

Images can be treated
as two-dimensional
signals, and the two-
dimensional Fourier

Transform is used for
filtering (e.g., blurring,

sharpening, edge
detection),
compression (JPEG

uses a variant called
the Discrete Cosine
Transform), and
pattern recognition.
The Fourier Transform
helps separate high-
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frequency noise from
low-frequency image
content.

Audio
and
Music

Fourier analysis is the
fundamental tool in
audio engineering.
Equalizers manipulate
frequency bands,
synthesizers generate
sounds by adding sine
waves (Fourier
synthesis), and audio
compression

algorithms like AAC
rely on transforming
signals into the
frequency domain. In
music, the Fourier
Series explains why a
note played on a piano
sounds different from
the same note on a
violin — the harmonic
content (the series of
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overtones) differs,
giving each instrument
its unique timbre.

Physics
and
Differenti
al
Equations

The Fourier Transform
is invaluable for solving
partial differential
equations, such as the
heat equation, wave
equation, and
Schrédinger equation
in quantum mechanics.
By transforming the
equation into the
frequency domain,
derivatives become
algebraic
multiplications,
simplifying the solution
process. For example,
the propagation of heat
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in a rod can be
expressed as a Fourier
Series, and the
behavior of quantum
particles is often
described using wave
functions represented
as Fourier integrals.

Data
Analysis
and
Machine
Learning

In modern data
science, the Fourier
Transform is used for
time-series analysis to

detect periodic
patterns, remove
noise, and extract
features. Spectral

analysis of stock
market data, EEG brain
signals, or climate data
often relies on the



Fourier Transform to
identify dominant
frequencies. Machine
learning models that
handle sequential data
sometimes incorporate
Fourier features to
capture long-range
dependencies.

PRACTICAL
CONSIDERATIONS:
DISCRETE AND
FAST FOURIER
TRANSFORMS

Real-world signals are
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discrete and finite, so
we use the Discrete
Fourier Transform
(DFT) and its efficient
implementation, the
Fast Fourier
Transform (FFT). The
DFT takes a finite
sequence of samples
and produces a finite
set of frequency
coefficients. The FFT
algorithm, discovered
by Cooley and Tukey in
1965, reduces the
computational
complexity
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