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MASTERING THE
PRINCIPLE OF
MATHEMATICAL
INDUCTION:
PROBLEMS AND
SOLUTIONS

T h e  P r i n c i p l e  o f
Mathematical Induction
is a foundational proof
t e c h n i q u e  i n
m a t h e m a t i c s ,
particularly  within
n u m b e r  t h e o r y ,
algebra,  and  discrete

mathematics.  It  allows
us  to  prove  that  a
statement  holds  true
for all natural numbers
(or, more generally, for
all elements of a well-
o rde red  se t ) .  Fo r
s t u d e n t s  a n d
professionals  alike,
understanding  this
principle  is  crucial  for
solving  principle  of
m a t h e m a t i c a l
induction  problems
a n d  s o l u t i o n s
efficiently.  This  article
p r o v i d e s  a
comprehensive  guide
t o  t h e  c o n c e p t ,
common  p rob lem
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types,  and  detailed
solutions,  all  while
following best practices
for  clarity  and  logical
flow.
Induct ion  is  o f ten
compared to a row of
dominoes:  if  you  can
knock  down  the  first
domino,  and  you  can
p r o v e  t h a t  e a c h
domino  wi l l  knock
down the next, then all
dominoes  will  fall.  In
mathematical  terms,
we use two steps: the
base  case  and  the
induct ive  step.  By
mastering these steps,
you can tackle a wide
variety  of  problems.
This  article  will  walk
y o u  t h r o u g h  t h e
theory, present classic
examples,  and  offer
strategies  for  solving
p r i n c i p l e  o f
m a t h e m a t i c a l
induction  problems
and  solutions  with
confidence.

UNDERSTANDING
THE PRINCIPLE OF
MATHEMATICAL
INDUCTION

T h e  P r i n c i p l e  o f
Mathematical Induction
is  based  on  the  well-
ordering  property  of
natural numbers: every
non -empty  se t  o f
positive integers has a
least  e lement .  To
prove a statement P(n)
for all natural numbers
n (usually starting at 1
or 0), we follow a two-
step process:

Base Case:1.
Verify that P(1)
(or the smallest
value) is true.
Inductive Step:2.
Assume that P(k)
is true for some
arbitrary k
(inductive
hypothesis), and
then prove that
P(k+1) follows.

Once  both  steps  are
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e s t a b l i s h e d ,  t h e
principle  guarantees
the truth of P(n) for all
n .  Th i s  method  i s
particularly  useful  for
proving  formulas,
divisibility, inequalities,
a n d  r e c u r r e n c e
relations. The key is to
carefully  set  up  the
inductive  hypothesis
and  manipulate  the
expression  to  derive
P(k+1)  from  P(k).

Strong
Induction
vs.
Simple
Induction
Sometimes  simple
i n d u c t i o n  i s  n o t
enough,  and  we need
strong  induction.  In
strong  induction,  the
inductive  hypothesis

assumes  that  P(1),
P(2),  ...,  P(k)  are  all
true,  and we use this
combined  information
to  prove  P(k+1).  This
variant is essential for
problems  where  the
t r u t h  o f  P ( k + 1 )
depends on more than
just  P(k),  such  as  in
p r o o f s  i n v o l v i n g
Fibonacci  numbers  or
recurrence relations.

COMMON TYPES
OF PRINCIPLE OF
MATHEMATICAL
INDUCTION
PROBLEMS

To  become  proficient
at solving principle of
m a t h e m a t i c a l
induction  problems
and  solutions,  it's
helpful  to  recognize
the  main  categories.
Below  are  the  most
frequently encountered
t y p e s  a l o n g  w i t h
example  solutions.
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1.
Proving
Summati
on
Formulas
One classic application
is proving formulas for
the  sum  of  integers,
squares,  cubes,  and
o the r  se r i e s .  Fo r
instance, we can prove
that  the  sum  of  the
first  n  natural  numbers
is given by n(n+1)/2.
Example:  Prove  that
for all n ≥ 1, 1 + 2 + 3
+ ... + n = n(n+1)/2.
Solution:

Base case
(n=1): Left side
= 1. Right side =
1(2)/2 = 1. True.
Inductive step:
Assume the

formula holds for
n = k. That is, 1
+ 2 + ... + k =
k(k+1)/2. We
need to show it
holds for n =
k+1: 1 + 2 + ...
+ k + (k+1) =
(k+1)(k+2)/2.
Start from the
left side: [1 + 2
+ ... + k] +
(k+1) = k(k+1)/2
+ (k+1) =
(k+1)(k/2 + 1) =
(k+1)(k+2)/2.
Hence proved.

2.
Proving
Divisibilit
y
Induction is a powerful
tool for proving that an
expression  is  divisible
by  a  certain  integer.
For  instance,  proving



Principle Of Mathematical Induction Problems
And Solutions 5

5

t h a t  n ^ 3  +  2 n  i s
divisible by 3 for all n.
Example:  Show  that
7^n - 2^n  is  divisible
by 5 for all n ≥ 1.
Solution:

Base case
(n=1): 7^1 -
2^1 = 5,
divisible by 5.
True.
Inductive step:
Assume 7^k -
2^k is divisible
by 5, i.e., 7^k -
2^k = 5m for
some integer m.
Need to show
7^(k+1) -
2^(k+1) is
divisible by 5.
Write 7^(k+1) -
2^(k+1) = 7 *
7^k - 2 * 2^k.
Use the inductive
hypothesis: 7^k
= 5m + 2^k.
Substituting:
7(5m + 2^k) - 2
* 2^k = 35m +
7*2^k - 2*2^k =

35m + 5*2^k =
5(7m + 2^k),
which is clearly
divisible by 5.
Hence proved.

3.
Proving
Inequaliti
es
Induction  can  also
establish  inequalities,
such as 2^n > n for all
n ≥ 1 or the Bernoulli’s
inequality. The trick is
to  use  the  inductive
hypothesis  and  then
manipulate to show the
inequality for k+1.
Example:  Prove  that
2^n > n^2 for all n ≥
5.
Solution:

Base case
(n=5): 2^5 =
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32, 5^2 = 25. 32
> 25, true.
Inductive step:
Assume 2^k >
k^2 for some k ≥
5. Need to show
2^(k+1) >
(k+1)^2.
Left side:
2^(k+1) = 2 *
2^k > 2k^2 (by
the inductive
hypothesis). Now
we need to show
2k^2 > (k+1)^2
for k ≥ 5.
Expand: 2k^2 >
k^2 + 2k + 1
i.e., k^2 - 2k - 1
> 0. For k ≥ 5,
k^2 - 2k - 1 =
(k-1)^2 - 2 ≥ 16
- 2 = 14 > 0. So
2k^2 > (k+1)^2,
and therefore
2^(k+1) >
(k+1)^2. The
inductive step is
valid.

4.
Proving
Recurren
ce
Relations
For  sequences  defined
recursively,  induction
is used to find a closed-
form  expression.  For
example, the Fibonacci
sequence:  F(1)=1,
F ( 2 ) = 1 ,
F(n)=F(n-1)+F(n-2) .
P rove  tha t  F (n )  <
(5/3)^n  for  n  ≥  1 .
Example:  Use  strong
induction  to  show  all
terms  satisfy  F(n)  ≤
2^n.
Solution:

Base cases:
F(1)=1 ≤ 2^1=2,
F(2)=1 ≤ 2^2=4.
True.
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Inductive step:
Assume true for
all values up to k
and k+1 (i.e., F(i)
≤ 2^i for i ≤
k+1). Need to
show F(k+2) ≤
2^(k+2). Using
the recurrence:
F(k+2) = F(k+1)
+ F(k) ≤
2^(k+1) + 2^k
= 2^k (2 + 1) =
3 * 2^k. But
2^(k+2) = 4 *
2^k, and clearly
3 * 2^k ≤ 4 *
2^k. Hence
F(k+2) ≤
2^(k+2). Done.

STEP-BY-STEP
STRATEGY FOR
SOLVING
INDUCTION
PROBLEMS

When faced with a new
p r i n c i p l e  o f
m a t h e m a t i c a l
induction  problem,
follow  this  systematic

approach  to  ensure
you  don't  miss  any
crucial  steps:

Identify the1.
statement P(n)
and the
domain.
Typically n starts
at 1, 0, or some
other integer.
Verify the base2.
case. Plug in the
smallest value of
n. If the
statement is
true, move on. If
not, the
induction fails.
State the3.
inductive
hypothesis.
Assume P(k) is
true for an
arbitrary k in the
domain. For
strong induction,
assume P(1),
P(2), ..., P(k) are
true.
Prove the4.
inductive step.
Starting from the
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hypothesis,
manipulate the
expression to
reach P(k+1).
This often
involves adding
the next term,
factoring, or
using algebraic
identities.
Conclude that5.
by the principle
of mathematical
induction, P(n)
holds for all n in
the domain.

COMMON
MISTAKES AND
HOW TO AVOID
THEM

Many students struggle
wi th  principle  of
m a t h e m a t i c a l
induction  problems
and solutions  due to
subtle  errors.  Being
aware of these pitfalls
w i l l  improve  your
accuracy:

Assuming the

conclusion
prematurely:
Do not start the
inductive step by
assuming P(k+1)
is true. Instead,
derive it from
P(k) using
algebraic or
logical steps.
Missing the
base case: Even
if the inductive
step seems
correct, without
a valid base case
the entire proof
collapses.
Using the
wrong type of
induction: For
problems where
P(k+1) depends
on more than
just P(k), such as
in recurrence
relations with
multi-step
dependencies,
strong induction
is necessary.
Neglecting the
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domain: Ensure


